Abstract: Motivated by the recent experimental observation of exclusive χ c events at the Tevatron, we revisit earlier studies of central exclusive scalar χ c0 meson production, before generalising the existing formalism to include χ c1 and χ c2 mesons. Although χ c0 production was previously assumed to be dominant, we find that the χ c1 and χ c2 rates for the experimentally considered χ c → J/ψγ → µ + µ − γ decay process are in fact comparable to the χ c0 rate. We have developed a new Monte Carlo event generator, SuperCHIC, which models the central exclusive production of the three χ c states via this decay chain, and have explored possible ways of distinguishing them, given that their mass differences are not resolvable within the current experimental set-up. Although we find that the severity of current experimental cuts appears to preclude this, the acceptance does not change crucially between the three states and so our conclusions regarding the overall rates remain unchanged. This therefore raises the interesting possibility that exclusive χ c1 and χ c2 production has already been observed at the Tevatron.
Introduction
The measurement of central exclusive production (CEP) processes in high-energy proton -(anti)proton collisions represents a very promising way to study the properties of new particles, from exotic hadrons to the Higgs boson, see for example Refs. [1] - [7] .
The CEP of an object A may be written in the form
where + signs are used to denote the presence of large rapidity gaps. An attractive advantage of these reactions is that they provide an especially clean environment in which to measure the nature and quantum numbers (in particular, the spin and parity) of new states, see for example Refs. [4, 8, 9] . A topical example is the CEP of the Higgs boson [10] - [14] . This provides a novel and promising way to study in detail the Higgs sector at the LHC and gives a strong motivation for the addition of near-beam proton detectors to enhance the discovery and physics potential of the ATLAS and CMS detectors at the LHC [15] - [17] . Recently, exclusive diffractive processes pp → p + A+p have been successfully observed by CDF Collaboration at the Tevatron, where A = γγ [18] , dijet [19] or χ c [20] . 1 As the sketch in Fig. 1(a) indicates, these processes are driven by the same mechanism as exclusive Higgs (or other new object) production at the LHC, but have much larger cross sections. They can therefore serve as "standard candles", see [12, 23] , which allow us to check the theoretical predictions for the CEP of new physics signals by measurements made at the Tevatron. Moreover, the observed rates of all three CEP processes measured by the CDF collaboration are in broad agreement with theoretical expectations [3, 5, 12, 23] , which lends credence to the predictions for exclusive Higgs production at the LHC.
Among the CEP processes measured at the Tevatron, the double-diffractive production of C-even, heavy quarkonia (χ c ) states plays a special role [5] (see also [24] - [29] ). First, as is well known, heavy quarkonium production provides a valuable tool to test the ideas and methods of the QCD physics of bound states, such as effective field theories, lattice QCD, NRQCD, etc. (see, for example, Refs. [30, 31] for theoretical reviews). Second, χ c production exhibits characteristic features, based on Regge theory, that depend on the particle spin and parity J P . We discuss these in Section 2 below.
A potential problem with χ c production as a "standard candle" for Higgs production is that it is far from clear that the purely perturbative approach of Refs. [10, 12] (as exemplified by Fig. 1(a) ) is valid. In particular, the estimates in Ref. [5] assume a perturbative contribution coming from integrating round the gluon loop in Fig. 1(a) for Q ⊥ > 0.85 GeV. Due to such low scales, strictly speaking one cannot guarantee that the accuracy in the perturbative predictions made in this way for χ c CEP is better than a factor of 4-5 up or down. In addition, there may be important non-perturbative contributions, traditionally modelled by the Pomeron-Pomeron process shown in Fig. 1(b) , but Schematic diagrams for CEP of a system A within the approach of Refs. [10, 12] and [32] - [35] . The integration over the loop momentum Q ⊥ in diagram (a) results in a J z = 0 selection rule [3] , where J z is the projection of the total angular momentum along the proton beam axis. It is also necessary to compute the probability,Ŝ 2 , that the rapidity gaps survive soft ( [32, 33] ) and semi-hard ( [34] - [36] here again there is significant model dependence and so any predictions for this component also come with large uncertainties. We choose to take a pragmatic approach, in which we base our analysis on the perturbative contribution only, but at the same time we consider which features of the perturbative contribution (for example, the relative contributions of the various J P states, distributions of final state particles, etc.) are likely to be shared by the non-perturbative contribution. Independent of the exact details of the production mechanism, the CEP of χ states provides a valuable check on the important ingredients of the physics of Pomeron-Pomeron fusion.
Another important issue related to the CEP of χ c states at the Tevatron is that this process allows us to test the role of the so-called enhanced absorptive corrections (see Fig. 1(d) ), which break soft-hard factorization, see for example [35] - [36] . As shown in [14, 35] , there is a hierarchy in the value of the rapidity gap survival factor S due to enhanced absorption, S enh , which reflects the size of the various rapidity gaps (s/M 2 ) of the different exclusive processes. The very fact that γγ and χ c events have been observed at the Tevatron in reasonable agreement with theoretical expectations 2 confirms that there is no danger that enhanced absorption will strongly reduce the exclusive SM Higgs signal at the LHC.
When interpreting the results of [20] in terms of the production of a particular χ c state there is one important point to bear in mind. While the P and C parities are unambiguously defined by the fusion mechanism (see, for example, [12] ) the spin assignment requires special care. As discussed in Refs. [3, 5] , central exclusive χ c production should be dominated by the χ c0 (0 ++ ) state. This is because χ c1 (1 ++ ) and χ c2 (2 ++ ) production is strongly suppressed: the former due to the Landau-Yang theorem [38] for on-mass-shell gluons and the latter because in the non-relativistic approximation the χ c2 (2 ++ ) meson cannot be produced in the J z = 0 state, which dominates CEP for forward outgoing protons [3] .
Recall, however, that the experimental observation [20] of exclusive χ c production is based on the decay chain χ c → J/ψγ → µ + µ − γ. The observed 65 ± 10 signal events have a limited M (J/ψγ) resolution and are collected in a restricted area of final state kinematics (due to cuts and event selection criteria). In order to determine the χ c yield the dominance of χ c0 production is assumed , and the CHIC Monte Carlo 3 , based on the χ c0 → J/ψ + γ decay, is used for conversion of the observed events into the cross section. However at the present time we cannot rule out the possibility that, under the conditions of the CDF experiment, higher spin χ c states (1 ++ , 2 ++ ) contribute to the observed J/ψ + γ signal. 4 As is correctly pointed out in Ref. [29] , the strong suppression of 1 ++ central production can be compensated by its much higher branching fraction to the J/ψ + γ final state. We show below (see also [14] ) that this can also be true for χ c2 (2 ++ ) CEP. Explicitly, the χ c0 , χ c1 , χ c2 branching fractions to J/ψγ are 0.011, 0.34 and 0.19 respectively [37] . There is another factor leading to a further rebalance between the relative contributions of different χ c spin states. As discussed in [4, 14] , the eikonal survival factor, S eik , is larger for χ c1 and χ c2 since, due to their spin structure, they are produced more peripherally. 5 The simultaneous presence of several χ c states clearly requires a more comprehensive analysis, including a new Monte Carlo programme, allowing for production and decay of the higher-spin states. This is the main topic of the current paper, i.e. we extend the analysis of Refs. [3, 5] to include the detailed study of χ c1 and χ c2 exclusive production. Special attention is paid to the role of absorptive corrections, which significantly affect the predicted rates, see [4, 5, 14] .
The paper is organized as follows. In Section 2 we review the general expectations for the J P properties of χ c production based on Regge theory. In Section 3 we discuss in detail the perturbative approach to the calculation of χ c CEP, paying particular attention to the differences between χ c0 , χ c1 and χ c2 production and to the uncertainties in the predictions. We have implemented our calculations in a new Monte Carlo event generator -SuperCHIC -which is described in Section 4. In Section 5 we present numerical results for χ c0 , χ c1 and χ c2 CEP at the Tevatron. We discuss the impact of the survival factors on the CEP cross sections, and comment on the size of possible non-perturbative contributions.
We investigate to what extent kinematical distributions of the final-state particles can be used to distinguish the three χ c spin states. In Section 6 we summarise our conclusions and comment on possible future developments in the study of the CEP of quarkonia states at the Tevatron and LHC. Some additional calculational details are presented in two Appendices.
General expectations from Regge theory
As discussed in [4] , the central diffractive production of meson states (see Fig. 1(b) ) has characteristic features that depend on the particle spin and parity J P , which follow from the general principles of Regge theory. Let us first recall particular examples of bare PomeronPomeron vertices for the spin-parity J P of particle h in the case of low transverse momenta p 1,2 ⊥ of the outgoing protons.
(a) J P (h) = 0 + For a scalar particle h, the vertex coupling is simply 6 ), f 0 + is almost independent of p 1,2 ⊥ , and hence the bare cross section, σ 0 + , is essentially independent of the azimuthal angle φ between the outgoing protons is not completely valid, and we therefore expect some deviation from the constant behaviour of (2.2). 6 We use boldface type to denote spatial three-vectors.
For the central production of a pseudoscalar particle, the bare vertex factor takes the form g
where n is the unit vector in the direction of the colliding hadrons (in the c.m.s.). Due to the identity of the Pomerons, the function f 0 − should be symmetric under the interchange 1 ↔ 2. It follows from (2.3) that in the pseudoscalar case the bare cross section, σ 0 − , should behave for small |t 1,2 | as
An immediate consequence of (2.4) is that pseudoscalar production is forbidden when the protons scatter at zero angle.
For the production of an axial vector state the bare Pomeron-Pomeron fusion vertex factor can be written as
Here M and e are the mass and polarization vector of the centrally produced 1 ++ state, and the vertex functions a λ=0,1 correspond to axial meson production with helicities λ = 0, 1 in the target rest frame (where the longitudinal component of the axial meson momentum is much larger than its transverse component). Analogously to f 0 + and f 0 − in the previous cases, the functions a λ=0,1 may depend on p 2
and (p 1 ⊥ · p 2 ⊥ ), and are symmetric under the 1 ↔ 2 interchange.
It follows from (2.5) that the bare amplitude tends to zero at low K ⊥ , in particular when both protons scatter at zero angle. Another important consequence of (2.5) is that at low |t 1,2 | the axial meson should be produced dominantly in the helicity-one state. As already mentioned in [4] , the general structure of the axial vertex g A P P , given by Eq. (2.5), coincides with that found using a non-conserved vector current model [8] , which gives a good description of the experimental data on f 1 (1285) and f 1 (1420) CEP by the WA102 Collaboration [39] ; for a review see Ref. [7] .
(d) J P (h) = 2 + For a tensor particle h, the bare vertex function g T P P is not constrained by Regge theory alone. However, as we have already mentioned, within the perturbative approach of Refs. [5, 12] the forward CEP of non-relativistic heavy 2 ++ quarkonium should be strongly reduced because of the suppression of the 2 ++ → 2g transition for the J z = 0 on-mass-shell two-gluon state. 7 dσ/dφ Figure 2 : Impact of the absorptive corrections on the distribution (in arbitrary units) of the difference in azimuthal angle of the outgoing protons for the CEP of various J P χ c states at the LHC, using the two channel eikonal model of Ref. [32] . The solid (dashed) lines are the distributions including (excluding) the survival factor. For completeness we also show the result for pseudoscalar η c production.
Finally, we recall that, as discussed in [4] , the absorptive corrections arising from the multi-Pomeron exchanges modify the distributions over φ. This is because the absorption depends on the distribution in impact parameter b space, which in turn leads to a characteristic dependence of the survival factor (mainly S 2 eik ) on the azimuthal angle between the outgoing protons. This effect was discussed in detail in [40] .
To demonstrate how the absorptive corrections may affect the angular distributions between the outgoing protons we have used a simple two channel eikonal model [32] . We show in Fig. 2 the results for √ s = 14 TeV. An analogous dependence of S 2 eik on the transverse momentum of the centrally produced meson is shown for the Tevatron energy √ s = 1.96 TeV in Fig. 3 . 7 We reconfirm the conclusion of [3] that the relativistic corrections to the χ c,b (2 ++ ) → 2g transition are numerically small. eik on the transverse momentum of centrally produced χ c mesons at the Tevatron, using the two channel eikonal model of Ref. [32] . Also shown (dashed line) is the survival factor corresponding to η c production.
Central Exclusive χ c production: perturbative framework
To calculate the perturbative contribution to the central exclusive χ c production process we use the formalism of Refs. [3, 4, 10] . The amplitude is described by the diagram shown in Fig. 1(a) , where the hard subprocess gg → χ c is initiated by gluon-gluon fusion and the second t-channel gluon is needed to screen the colour flow across the rapidity gap intervals. We can write the Born amplitude in the factorised form [5, 6] (see Fig. 4 ):
where V J is the colour-averaged, normalised sub-amplitude for the gg → χ cJ process:
Here a and b are colour indices and N C = 3. The amplitude V ab µν represents the coupling of two gluons to the χ c state being considered: the procedure for calculating this is outlined below. The f g 's in (3.1) are the skewed unintegrated gluon densities of the proton at the hard scale µ, taken typically to be of the order of the produced massive state, i.e. M χ /2 in this case, and only one transverse momentum scale is taken into account by the prescription
The longitudinal momentum fractions carried by the gluons satisfy Figure 4 : The perturbative mechanism for the exclusive process pp → p + χ + p, with the eikonal and enhanced survival factors shown symbolically.
The t dependence of the f g 's is not well known, but in the limit that the protons scatter at small angles, we can assume a factorization of the form
where the t-dependence is isolated in a proton form factor, which we take to have the phenomenological form F N (t) = exp(bt/2). In such a case a fit to soft hadronic data [32] gives b ≃ 4 GeV −2 , which is also consistent with extracting F N (t) from the t-dependence in 'elastic' J/ψ photoproduction [41] . We will therefore use b = 4 GeV −2 as our value for the slope parameter throughout. In the kinematic region specified by (3.4), the skewed unintegrated densities are given in terms of the conventional (integrated) densities g(x, Q 2 i ). To single log accuracy, we
where T g is the usual Sudakov survival factor which ensures that the active gluon does not emit additional real partons in the course of the evolution up to the hard scale µ, so that the rapidity gaps survive. R g is the ratio of the skewed x ′ ≪ x unintegrated gluon distribution to the conventional diagonal density g(x, Q 2 ). For x ≪ 1 it is completely determined [43] . The explicit form for T g is given by resumming the virtual contributions to the DGLAP equation. It is given by
Here, as in [5] , we go beyond the collinear approximation and in the T factor we resum not just the single collinear logarithms, but the single soft ln(1 − z) terms as well. To a good approximation, this can be achieved by taking the upper limit of the z integration in (3.7)
to be
Returning to the gg → χ c amplitude, we note that the original extension of the CEP formalism to χ c0 production in [5] was achieved in direct analogy to the Higgs case, that is by assuming that the χ c0 coupled to the gluons as a pure scalar with any effects from its internal structure neglected. We now wish to go beyond this approximation and model the internal structure of the χ c meson for all three J states and in particular their coupling to two gluons. This is done by a simple extension of the calculation of [44] , where the coupling of 3 P J quarkonium states to two off-mass-shell photons is considered: as the gluons are in a colour singlet state the only difference will be constant prefactors resulting from colour algebra. We will simply state the results for the three amplitudes, leaving the derivation to Appendix A:
) , (3.9)
where
The amplitudes are normalised as in (3.2) and the q i ⊥ are 4-vectors with q 2
Considering first the χ c0 vertex, in the Q 2 ⊥ ≪ M 2 χ limit (which is true to an acceptable degree of accuracy) we expect the internal structure of the χ c0 to be unimportant, and therefore to recover the previous result of [5] . We find
Making use of the standard NRQCD result (see for example Refs. [45, 46, 47] ),
9 Four-vector scalar products are denoted by (pq).
we find 10
which has the same form and normalisation as the previous result, as it must do. We will take this large M χ limit throughout. Turning now to the χ c1 vertex, we can immediately see that it vanishes for on-shell gluons, that is when q 2 i = q 2 i⊥ = 0, as dictated by the LandauYang theorem (see Section 2). Furthermore, in the forward limit we have q 1⊥ = −q 2⊥ = Q ⊥ and so
We see that V 1 is odd in Q ⊥ , and will therefore vanish upon the loop integration (3.1) over Q ⊥ . For V 2 we make use of the identity
where g T µσ , the transverse part of the metric, can be written in the covariant form
We then find V 2 ∝ ǫ µ µ which vanishes due to the tracelessness of the χ 2 polarization tensor (A.18). We see that, as expected, the χ c2 and χ c1 production amplitudes vanish in the forward limit, and we will therefore expect the corresponding rates to be suppressed relative to χ c0 production, via the integration over the proton form factor e bt i ≈ e −bp 2 i⊥ which suppresses large p 2 i⊥ values. In fact we can give a very rough estimate for the level of suppression we will expect. Squaring and summing over polarization states gives
Note that this result, as well as the amplitudes of (3.9 -3.11), is also applicable to the CEP 10 Analogously to Ref. [5] , we assume the same NLO correction for the gg → χ vertex as for the χ → gg width, which can be valid only within a certain approximation. Moreover, as has been known for some time in the P −wave case (see for example Ref. [48] ), the NNLO and higher-order radiative corrections to the χ → gg transition are expected to be numerically quite large, and this would result in further uncertainties in the theoretical expectations. Recall that these corrections are not universal and depend on the spin-parity assignment of the P −wave states. In particular, it is known that in the χ0 case the dominant part of the NLO correction comes from the (iπ) 2 term originating from the Sudakov-like double logarithm αs ln 2 (q 2 /M 2 ), when the imaginary part of the logarithm (= −iπ) is squared. This double logarithm, and correspondingly the (iπ) 2 contributions, are absent for the case of the χ1, where the amplitude for on-mass-shell (q 2 = 0) gluons vanishes due to the Landau-Yang theorem.
of χ b mesons. The factor of p 2 ⊥ comes from integrating over the assumed exponential form of the proton vertex, 
While it is clear that we will have a quite sizeable suppression of the χ c1 and χ c2 CEP cross sections, these values are of course only very rough estimates, and an explicit calculation is required to confirm them. We stress again that the legitimacy of the extension of the purely perturbative QCD treatment for central exclusive Higgs production to the χ c case is somewhat questionable. For Higgs production the hard scale µ is set by M H /2, and so we expect that a reliable calculation within perturbative QCD can be performed. In particular, the Sudakov factor leads to an IR stable result, with only a small contribution to the cross section from the region of Q ⊥ below ∼ 1 GeV (although this is not to say the calculation does not come with significant uncertainties). However, in the case of χ c production, where the 'hard' scale is ∼ 1 GeV, we expect and find that a significant part of the cross section comes from the IR unstable low Q ⊥ region. It might seem then, that despite the attractions of considering central exclusive χ c production, any attempt to calculate a reliable cross section within the perturbative QCD framework is unlikely to succeed. This is not the case: the philosophy we take is that, even if the purely perturbative calculation is not IR stable, we should expect a smooth matching between the perturbative regime and the 'soft' regime to which we can apply a non-perturbative Regge model. This was done in [5] for the χ c0 , with a simple model for the Pomeron invoked, and the non-perturbative and perturbative contributions were found to be of a similar size, which gives justification for the inclusion of a perturbative contribution to χ c CEP. On the other hand, there is much uncertainty surrounding which non-perturbative models for the Pomeron are most appropriate in this context, and so results such as this can only be used as a guide.
Returning to the perturbative calculation, several comments are in order. As mentioned above, in the case of the χ c we expect a significant proportion of the cross section to come from the low Q ⊥ region where perturbation theory is not valid, and there will correspondingly be a large degree of uncertainty in its predicted value. Given our lack of detailed understanding of low Q ⊥ non-perturbative gluon dynamics, the best we can do is to introduce an infrared cut-off to the Q ⊥ loop integral such that we are only considering 11 In fact, accounting for the values of p 1⊥ , p 2⊥ in the denominator of (3.1) we obtain a slightly larger value of the effective slope
. Therefore we expect a slightly larger suppression of the higher spin, χ1 and χ2, states than that given by (3.22) . Note also that for a heavier meson (χ b ) CEP the slope b eff will be smaller than that for the case of χc due to a typically larger values of Q ⊥ in the integral (3.1).
the regime where perturbation theory will be reliable. This can be loosely justified on the grounds that our current understanding of these non-perturbative dynamic predicts that the low Q ⊥ contribution appears to be suppressed [49] . Nevertheless significant uncertainties remain, both in the specific choice of cut-off, for which we have rough physical guidelines but which inevitably amounts to a subjective decision, and in what contribution we would actually expect from the low Q ⊥ region, which a cut-off prescription simply ignores.
A further uncertainty that is worth mentioning arises from the skewed PDFs, which we can express via (3.6) in terms of the conventional PDFs g(x, Q 2 ), and therefore evaluate. Unfortunately, although this is in principal true, there is a large degree of uncertainty in the value of the conventional PDFs at the low x and low Q 2 scales we are considering, as can be seen in Fig. 5 where four representative PDF sets are plotted at Q 2 = 1.5 GeV 2 . In the case of exclusive χ c production at the Tevatron ( √ s = 1.96 TeV) we are sampling the x ∼ 2 × 10 −3 region, for which there is a large uncertainty. Recalling that the final cross section depends quartically on the skewed PDFs, this is clearly unacceptable. We can see, on the other hand, that as x is increased the uncertainty rapidly decreases and we have a reasonable agreement between the sets in the region 0.05 x ≤ 1. We can therefore perform the cross section calculation for a lower c.m.s energy such that the sampled x value is in this range, although we must be careful that the corresponding x value is not too high, as our initial formula for the skewed PDFs relies on a small x approximation. In actual calculations a value of √ s = 60 GeV is chosen, which corresponds to x ∼ 0.05. To make contact with the experimental c.m.s. energies of the Tevatron we then assume that the total cross section exhibits the Regge behaviour
This gives us a simple way to avoid the large uncertainties of the PDFs in the low x region, although our final result will depend on the validity of this Regge assumption and on the specific value of the Pomeron intercept α P (0) that we use. 12 We end this section with a brief review of the uncertainties that are present in our calculation. First, we have the uncertainty in our choice of hard scale µ and the prescription (3.3) for the transverse momentum scale Q 2 i , with for example the choice µ = M H /4 in the Higgs case giving a quoted enhancement of 30% to the cross section [4] . Further to this we have the even more considerable uncertainty coming from the dependence of the cross section on the conventional PDFs to the fourth power in the low x and Q 2 region, where they are not well determined. We also have the dependence of the final result on the non-perturbative, non-universal survival factor, which gives perhaps the largest uncertainty in the overall production rate. Differences in the higher-order QCD radiative corrections to the gg → χ vertex could also cause additional uncertainties. Finally we have the uncertainty in the low Q ⊥ contribution to the perturbative amplitude, which we find to be quite large in the χ c case. For more details of these issues we refer the reader to [4] . 
SuperCHIC Monte Carlo Generator
In [5] , central exclusive χ c0 meson production and its subsequent decay to J/ψγ → µ + µ − γ was modelled using the CHIC Monte Carlo event generator, but we now wish to consider the case where higher spin χ c states are produced. The CEP of the three χ c(0,1,2) states is modelled using a new, more general, Monte Carlo programme, SuperCHIC. 13 This follows essentially the same procedure for generating the relevant phase space as the previous CHIC MC -optimised to reduce the event weight variation -but with some important generalisations included that we will now outline.
The explicit evaluation of (3.1) is in all cases performed 'offline' from the SuperCHIC Monte Carlo event generator: to perform the loop integration for each event would lead to an unacceptably large run-time. The skewed PDFs are calculated as outlined in Section 3, with the Sudakov factor read in from a grid to minimise run-time, and (3.1) then evaluated using standard Monte Carlo techniques. We go beyond the approximation used in [5] , where the amplitude squared was calculated in the forward limit, with the p ⊥ dependence isolated in the proton form factors. Such an assumption is not relevant for the Tevatron, where the p ⊥ of the final state protons is not measured [20] , and so we must include non-forward effects. This will not only give a more accurate evaluation of the χ c0 cross section, but is also essential in the case of χ c1 and χ c2 production, where the corresponding amplitudes vanish in the forward limit. On the other hand, we still need to perform the loop integration separately from the Monte Carlo event generator. Considering first the χ c0 amplitude A 0 , this can be achieved by noting that for small p ⊥ it must have the form
that is, there exists a Taylor expansion for A 0 formed from all possible scalar combinations of the p i ⊥ , the validity of which depends on the suppression in p 2 ⊥ coming from the proton form factors. Squaring (4.1) and keeping only the leading terms in p 2 i ⊥ , we can see that this expansion is equivalent to making the replacement (at lowest order in p 2
Thus to a first approximation we expect the inclusion of non-zero p ⊥ in the amplitude calculation to simply result in a change in the effective slope of the proton form factor. This then allows for an easy way to take into account the effect of non-forward protons in the amplitude, as we can simply model |A 0 | 2 as a Gaussian,
where the slope b eff 0 and the overall normalisation are set by matching the values of p 2 χ ⊥ and the integrated cross section, respectively, to those given by the exact expression for |A 0 | 2 . We note that the exact expression for A 0 (and therefore the p χ ⊥ distribution) will depend in general on the azimuthal angle between the outgoing protons, but by choosing to model this effect by simple Gaussians in p 2 i ⊥ the resultant azimuthal correlations between the protons will not be fully modelled in the Monte Carlo. Thus in the case of the χ c0 any deviation, for example, from the flat behaviour of (2.2) is ignored. On the other hand it is clear that we are not currently interested in correctly modelling the p ⊥ distributions of the outgoing protons, which we recall are not measured at the Tevatron, but only those of the centrally produced final state particles, which it is important to know when discussing possible methods for distinguishing the three χ c states, and the simple Gaussian approximation achieves this to an acceptable degree of accuracy. 14 However, we should be careful in our application of this approximation, as no strict Q ⊥ ≫ p ⊥ hierarchy exists for the χ c . 15 The higher J states are more complicated due to their non-trivial Lorentz structure, but the basic argument remains the same. We can write the χ c1 and χ c2 amplitudes, omitting the χ c polarization vectors etc. for simplicity, as
where we must now square the amplitudes and sum over the relevant χ c polarization states before matching the values of the normalisation and slope as before. SuperCHIC is a standard MC event generator that calculates the relevant weight for each generated event using these effective slopes, which can simply be read in at the 14 In fact, in the case of the χc2 it is necessary to include a p1 ⊥ · p2 ⊥ term in the fit. We also note that, while it is not done here, the complete inclusion of the correct azimuthal correlations, which may be relevant for measurements at the LHC with tagged forward protons, remains a possible future extension of the Monte Carlo.
15 Note that such a procedure can be useful in the case of CEP of the Higgs boson [6, 12] .
beginning of the run. We give the option of generating events for purely χ c0 , χ c1 and χ c2 production, as well as the (experimentally relevant) option of generating all three states at once. It is possible to generate the differential cross section dσ/dy χ at a given rapidity y χ value or the full cross section over a pre-specified χ c rapidity range, with an approximate phenomenological fit invoked for the y χ dependence of the cross section.
Having generated the appropriately weighted central exclusive χ c event, we then generate the decay process χ c → J/ψγ → µ + µ − γ through which exclusive χ c production has been observed at the Tevatron. While the isotropic decay of the scalar χ c0 → J/ψγ is trivial, the situation for χ c1 and χ c2 , which have non-trivial polarization states that must be accounted for in the relevant decays, is not so simple. The calculation of the different decay distributions is, however, relatively straightforward and is outlined in full in Appendix B. In all cases, these decays have an integrated weight of unity, while we multiply the overall cross section by the relevant branching ratios, taken from [37] . For the χ c1 , χ c2 and J/ψ we generate the spin states in the helicity basis: that is, we generate the χ c (J/ψ) polarization vectors in the χ c (J/ψ) rest frame, before boosting along the spin quantization (z) axis and then rotating in the z − p χ(ψ) plane. Finally, to improve the overall efficiency we allow as input the option of specifying values for the experimentally significant cuts on the final state µ + µ − pair, in particular the maximum pseudorapidity |η| and the minimum p ⊥ . All kinematic information for the produced particles is calculated and can be read out at the end of the run.
Results
We begin, for the sake of comparison with the previous results of [5] , with a calculation of the χ c0 cross section in the forward limit. As in [5] , we use GRV94H0 partons [50] throughout 16 , and we choose the value of Q ⊥ = 0.85 GeV as our infrared cut-off. Combining the perturbative and non-perturbative contributions, we find dσ approx χ c0
Once we have corrected for the revised PDG value for the total χ c0 width (which has decreased by a factor ∼ 1.4), as well as the slightly revised value of the survival factor that we use, we find that this is in good agreement with the previous result quoted in [5] . Moreover, this is also in excellent agreement with the experimental value from the CDF collaboration [20] : dσ exp χc
We emphasise that this value was assumed, rather than being observed, to correspond to χ c0 production, as the mass difference between the three χ c states was not resolvable within the experimental set-up.
We now consider the effect of non-forward protons (p ⊥ = 0) on this cross section (see also [4, 6] ). By directly integrating over the p ⊥ dependent amplitude squared and fitting the resultant p 2 χ ⊥ distribution according to (4.3), we find
that is, a steepening in the effective slope of the proton form factor 17 . The effect of this is shown in Fig. 6 , where we have plotted the differential cross section as a function of p ⊥ (χ c0 ) in the forward and non-forward limits discussed above. As a check, we plot both the exact and our fitted results for the non-forward limit: we can see that the match is sufficiently accurate for our purposes. As expected, the steeper slope corresponds to p ⊥ (χ c0 ) being more sharply peaked at low p ⊥ values. This effect is enhanced by the prescription (3.3) for the argument Q 2 i of the skewed PDFs. In particular, we have introduced an infrared cut-off to avoid a contribution from the low Q ⊥ domain, where perturbation theory is not valid. However we can see that (3.3) will have the average effect of pushing Q i into this 'soft' region which we are neglecting, and therefore lower values of p ⊥ will be favoured, leading to a steepening of the effective slope. On the other hand, we could, instead of taking the minimum of the two gluon transverse momenta, take their average, which gives b eff 0 ≈ 5.6 GeV −2 . It is clear then that we expect some steepening in the effective slope, but the exact amount is very much tied up in the overall uncertainties of the calculation. Naïvely, we might expect this to lead to a factor of ∼3 decrease in the production cross section, via the integration over the transverse momenta p i ⊥ , however we recall (see, for example, [5, 14, 35] ) that the total cross section depends on the ratio S 2 /b 2 , which depends only weakly on b 2 ; that is the reduction in the cross section caused by the increased slope is largely compensated by an increase in the survival factor for the more peripheral interaction, leading to only a small overall decrease in the χ c0 rate. We next consider the χ c1 and χ c2 cross sections, which are calculated following the procedure outlined in Section 4. Directly integrating over the p ⊥ dependent amplitude squared and fitting the resultant p 2 χ ⊥ distribution according to (4.4) and (4.5) for χ c1 and χ c2 CEP, respectively, we find the following values for the effective slopes:
We can see from Fig. 3 that while the χ c0 and χ c1 eikonal survival factors are approximately constant, the χ c2 eikonal survival factor has a strong dependence on the p ⊥ of the χ c2 , which we read in from a grid in the Monte Carlo. Making use of (5.3), (5.4) and (5.5) we find We emphasise that the gap survival factor S 2 depends on the effective slope b eff of the bare 17 Recall that here b eff /2 is the slope of the 'bare' amplitude before screening effects are included. The inclusion of absorptive effects (i.e. the gap survival factor) will further enlarge the p ⊥ -slope of the experimentally observed forward proton distributions.
forward approx. non-forward approx. exact dσ dyχ dp ⊥ yχ=0 -p ⊥ (µ + , µ − ) (GeV) (non-screened) CEP amplitude which, in turn, depends explicitly on the p ⊥ of the outgoing protons, see [6] . In particular, at b = 4 GeV −2 we obtain S 2 eik = 0.046, while in the case of CEP of the χ c0 , where b 0 eff = 6.6 GeV −2 , we obtain the value S 2 eik = 0.098, i.e. a factor of two larger. As discussed above, such an increase in S 2 largely compensates the decrease in the CEP cross section caused by a smaller phase space in p ⊥ occupied by the final state protons (due to a larger b eff ). Recalling that the CEP event rate depends on the ratio S 2 /b 2 (rather than on S 2 ) [5] , this can serve as a warning regarding the conclusions made in Refs. [51, 52] about the CEP rates based solely on the evaluations of S 2 for protons with p ⊥ = 0. In addition, we have already shown in Section 3 that neglecting the p ⊥ = 0 effects in the structure of the hard production subprocess can lead to a significant underestimate in the production rate of states with J P other than 0 + . Returning to the calculation of the higher spin χ c cross sections we find, by including the relevant branching ratios (evaluated at rapidity y χ = 0 in all cases),
Thus, within the perturbative framework, the expected contributions of the three χ c states to the Tevatron data are of comparable size, despite the initial suppression in the χ c1 and χ c2 production amplitudes. The previous assumption that the Tevatron events correspond to purely χ c0 CEP may therefore be unjustified. To give a prediction for the total cross section we must take into account the so-called 'enhanced' absorptive effects, which break the soft-hard factorization previously assumed in the evaluation of the χ c0 CEP cross section in [5] . The generalisation of the simple two channel eikonal model to include these : χ c0 , χ c1 and χ c2 differential cross sections, without experimental cuts, as a function of the photon p ⊥ and cos θ, where θ is the angle between the µ + momentum in the J/ψ rest frame and the direction of the Lorentz boost from the J/ψ rest frame to the lab frame. Integrated cross sections normalised to unity before cuts are imposed in all cases. enhanced rescattering effects is outlined in [35] , where the effect of including both eikonal and enhanced screening corrections, as well as non-forward outgoing protons in the hard matrix element, can be roughly accounted for by the introduction of an 'effective' survival factor S 2 eff . Recalling (1.1), it is found that the effect of enhanced absorption for the CEP of the light χ c is quite strong (see also [36, 51, 52] ). In particular, ignoring for simplicity any impact parameter b dependence, we have
with the enhanced survival factor S 2 enh (at our present level of understanding) approxi- mately the same for all three χ c states. Multiplying by this suppression factor and including the contribution from the three J states to the observed cross section, we can then use the branching ratio Br(χ c0 → J/ψ + γ), as was done for the CDF data, to produce a rough value for the 'χ c0 ' cross section at Tevatron energies (prior to any corrections due to the varying experimental acceptances of the χ c states),
Here we stress that a sizeable proportion of the observed events are predicted to correspond to χ c1 and χ c2 CEP. Thus, the combination of including the more general enhanced rescat-tering effects, which leads to a reduction in the predicted rate, and the contribution of the higher spin χ c1 and χ c2 states, which leads to an increase in the predicted rate, leaves the perturbative prediction for the total χ c cross section at the Tevatron largely unchanged and, crucially, still in good agreement with the experimental data. At this point we need also to consider the non-perturbative contribution to the cross section. Leaving the explicit evaluation for future work, we simply note that the previous calculations of [53, 54] show that the non-perturbative contributions of the three χ c states are also comparable, with the general results of Section 2 suggesting that, at least for the χ c0 and χ c1 , they will have a similar p ⊥ dependence to that outlined in Section 4. We can therefore reasonably assume that the relative values of (5.7) are approximately correct. However, given the overall uncertainty in the perturbative and non-perturbative cross section calculations, we note that the precise ratio of the χ c cross sections cannot be stated with certainty at this time. While our results suggest that some fraction of the 65 ± 10 candidate 'χ c0 ' events observed at CDF are in fact χ c1 or χ c2 events, we can make no definitive prediction for their precise relative contributions.
In fact, we have noted that the perturbative contribution to χ c2 CEP is strongly suppressed due to the J z = 0 selection rule, for which it decouples from two real gluons. However, for the non-perturbative contribution we have no such selection rule, and we therefore cannot exclude the possibility that the χ c2 non-perturbative contribution is dominant. The above-mentioned Pomeron models suggest that this may be the case, although there remains a large degree of uncertainty in how to perform these calculations, and in particular which model of the Pomeron to choose.
Putting aside the question of normalisation, we might hope to be able to distinguish between the three states by studying the angular and kinematical distributions of the final state particles as modelled in SuperCHIC, which should not depend strongly on the overall production rate. In Fig. 7 we show the polar angular distributions of the µ + µ − pair and the p ⊥ distributions of the photon for the three χ states, as given by SuperCHIC. For the p ⊥ distribution we can see the clear separation in the χ masses coming from the position of the Jacobian peaks as p ⊥ approaches the photon energy E γ ∼ M χ − M ψ , although in the current experimental set-up we know it is not possible to resolve this separation.
The angular distribution is more interesting: there is clearly a significant difference between the χ c0 and the χ c1 and χ c2 cases with, as expected from helicity conservation, the χ c0 decaying into purely transversely polarized J/ψ's, while this is not the case for the χ c1 and χ c2 . This in principle provides a way to determine if χ c1 and χ c2 mesons are being produced, irrespective of the particular mass resolution of the experiment. Unfortunately, this does not appear to be the case in practice, as we have yet to include the experimental cuts on the kinematics of the final state particles. At CDF we require in particular that the muon pseudorapidity |η| < 0.6 and the muon p ⊥ > 1.4 GeV. In Fig. 8 we show the angular distribution as before but with these cuts introduced, and immediately we can see that the clear difference in shape has not survived. We also show the p ⊥ distribution of the muons, from which it is clear that a sizeable fraction of the events will not pass the cuts (recalling that the cut must be passed by both muons), and the pseudorapidity cut further enhances this effect. Moreover, in the low (high) θ region the µ +(−) will be directed along the motion of the J/ψ with high p ⊥ , while the µ −(+) will be directed against the motion of the J/ψ and will therefore have low p ⊥ . This is clear from Fig. 8 where the cos θ ≈ +1, −1 events which would have allowed us to distinguish between χ c1,2 and χ c0 production have not been accepted. We note that other potentially interesting variables, such as the difference in the azimuthal angle of the muons ∆φ µµ , appear to be equally unpromising. It therefore seems that it will be very hard, given the experimental set up and the low statistics available at the present time, to distinguish between the three χ c states via the experimentally considered decay chain, although with more detailed analysis and/or higher statistics this conclusion may change. Another potential solution to this issue could be to consider a different decay chain, for example the direct decay of the χ c to charged hadrons, etc. (see Section 6 below).
Finally, we can also see that the χ c1 has a slightly higher acceptance, with in particular (at y χ = 0) dσ cuts
The acceptance is therefore reasonably uniform, and so should not present a significant obstacle when considering χ c1 and χ c2 production experimentally.
Summary and Outlook
Motivated by the recent experimental observation of exclusive χ c events at the Tevatron, we have updated the earlier studies of central exclusive scalar χ c0 meson production to include χ c1 and χ c2 mesons. Due to the low scale, M χc /2, and very large rapidity gap coverage (∆η ≃ 7.4 units) in the CDF measurement [20] , the contamination from processes in which the incoming protons dissociate is relatively small. The CDF χ c event selection therefore effectively ensures that they come from the exclusive reaction, pp → p + χ c +p. Although χ c0 production was previously assumed to be dominant, we find that the χ c0 , χ c1 and χ c2 rates for the experimentally considered χ c → J/ψγ → µ + µ − γ decay process are in fact comparable. We have developed a new Monte Carlo event generator, Super-CHIC, which models the central exclusive production of the three χ c states via this decay chain, and have used this to explore possible ways of distinguishing them, given that their mass differences are not resolvable within the current experimental set-up. Although we find that the severity of current experimental cuts appears to preclude this discrimination, the acceptance does not change crucially between the three states and so our conclusions regarding the overall rates remain unchanged. This therefore raises the interesting possibility that exclusive χ c1 and χ c2 production has already been observed at the Tevatron. Higher statistics and/or a broader acceptance coverage for the photon and leptons could help discriminate between the χ c mesons via differences in the angular correlations between the final-state particles. We note also that the addition of forward proton detectors would certainly allow discrimination between the different C-even states via the measurement of the relative azimuthal angular distribution between the outgoing protons.
To further resolve the spin-parity assignment issue in the absence of forward proton detectors, it would be instructive to observe central exclusive χ c production in other decay channels, in particular ππ or KK, see [5] . These modes are ideally suited for spin-parity analysis: the ππ or KK decay modes of the χ c0 meson have a branching fraction of about 1%, while these decay channels are forbidden for χ c1 and suppressed by about a factor of 5 for the χ c2 relative to the χ c0 , in contrast to the χ c2 relative enhancement for the J/ψγ channel. Another interesting mode for discriminating between the CEP of different χ c states is χ c → pp, since the branching fraction for χ c0 (≃ 0.024%) is a factor of 3 higher than that for χ c1,2 [37] . The ΛΛ mode (branching fraction for χ c0 ≃ 0.034%) could also be important for spin-parity analyzing. 18 In the case of two-body final states (ππ, KK, pp) where the very forward protons are not detected, further cuts can be imposed to reduce the contribution of events where the protons dissociate (via single and double diffractive dissociation). These include, for example, cuts on the transverse momentum of the resonance and on the final particles' accoplanarity angle (in the frame where the rapidity of the resonance is zero). 19 In this paper we have focused on χ c meson production at the Tevatron. It is of course straightforward to extend our results to the LHC, and we will consider this is in a future study [57] . Note that we do not expect the χ c CEP rate to have a strong energy dependence when going from the Tevatron to the LHC. The growth of the bare amplitude caused by the increase in the gluon density at smaller x is compensated by a smaller gap survival factor at the larger LHC energies, especially S 2 enh , the value of which decreases due to the larger rapidity interval available for the 'enhanced' absorptive corrections, see Fig. 1(d) . Indeed, the measurement of the ratios of the CEP rates at the two different (Tevatron and LHC) collider energies could allow the effects of enhanced absorption to be probed, since in these cross section ratios various uncertainties (for example, NLO corrections to the gg → χ transition etc.) would cancel out.
The issue of forward proton detection is more relevant at the LHC (in particular for χ b states) as the planned near-beam proton detectors, see Refs. [11, 15, 58] , would allow us to measure the outgoing very forward protons. As we have already noted, the azimuthal angle distributions would provide interesting additional information with which we could discriminate between different J P C states as well as investigate the dynamics of the survival factors S 2 . Moreover, as pointed out in [40] , measuring the transverse momentum and azimuthal angle correlations between the outgoing protons would allow us to probe the proton opacity Ω(s, b t ) and perform a detailed test of the whole diffractive formalism. Even before the forward proton detectors become operational, a broad programme of heavy quarkonium studies can be performed with the existing LHC detectors (ALICE, ATLAS, CMS and LHCb), especially if the rapidity gap coverage is increased by using forward shower counters (FSC) along the beam line [59] , thereby allowing detection and triggering on rapidity gaps in diffractive events.
In future work we will also consider χ b and η b,c meson CEP and include them in the Monte Carlo. The perturbative χ b0 CEP rate was calculated in [3, 5] analogously to the χ c0 . While the higher M χ scale results in a more perturbatively reliable prediction, the reduced rate suggests that exclusive χ b production, observed through the χ b → Υ(1S)γ → µ + µ − γ decay chain, may only be relevant at the LHC. The experimental values for the χ bJ → Υ(1S)γ branching ratios carry larger uncertainties, but a similar hierarchy to the χ c case is observed, and so the contribution of higher spin states should once again be considered, with in particular the result of (3.20) for the relative rates remaining valid. However, we note that the higher mass scale will result in a stronger suppression of the higher spin states relative to the χ b0 than in the χ c case. In particular, for χ b1 production we have an explicit factor of M 2 χ in the denominator of (3.20) , while the larger expected value of Q 2 ⊥ will result in a stronger suppression of the χ b2 state. The η c,b CEP cross sections can be calculated by using the same formalism as for the χ mesons, the only difference being that for the L = 0 quarkonium state the gg → η vertex is proportional to the value of the wave function φ(0) at the origin and not to φ ′ (0) as in (3.12) . The vertex V η should therefore be normalised to the leptonic width of the J/ψ (or Υ for η b ) decay -the vector mesons from the same L = 0 multiplet. Note also that for the heavier χ b or η b mesons we expect a slightly lower slope b eff (due to a larger mean Q 2 ⊥ ) and a larger value of S 2 enh (due to a smaller rapidity interval available for the 'enhanced' absorptive corrections, Fig. 1(d) ). Preliminary estimates indicate that the η c CEP rate (which we recall from [4] will be proportional to p 2
2 ) is expected to be about two orders of magnitude lower than in the χ c0 case.
We are also planning to revisit γγ CEP in a wider interval of photon E T , rapidity and di-photon mass M than that considered in [23] and to include this in the Monte Carlo generator. Note that the measurement of the ratio of γγ CEP at E T = 5 GeV to that of χ b production may allow us to reduce various uncertainties in the calculations, with in particular the dependence on the survival factors cancelling out.
Finally, we note that the spin-parity analyzing properties of central exclusive production could shed light on the dynamics of the zoology of 'exotic' charmonium-like states (X, Y, Z) which have been discovered in the last few years (see for example [37, 60] ), and whose nature and in many cases spin-parity assignment still remain unclear.
A. χ c → gg amplitudes
A.1 χ c0
We use the formalism of [44] and the kinematics of Section 3 throughout. The general colour-averaged vertex for the coupling to two gluons has the form V 0 ≡ ǫ where 3i; 3k|1 is the colour space Clebsch-Gordon coefficient for the colour singlet quark configuration, and we have averaged over the gluon colour indices a, b in the last step. Recalling (3.2), we make the replacement ǫ We therefore obtain
The general colour-averaged vertex has the form Here ǫ χ β is the χ 1 polarization vector and ǫ µναβ is the antisymmetric Levi-Civita tensor. This gives
The general colour-averaged vertex has the form (P µα P νβ + P µβ P να ) − 1 3 P µν P αβ , (A.19)
We therefore obtain
B. χ c and J/ψ decay amplitudes
We will make use of the identities ǫ µναβ ǫμν αβ = −4 δ 
